Abstract
Introduction
Motion segmentation refers to the process of segmenting or clustering moving object/s in a sequence of at least two images of a dynamic scene. Once the moving object/s is segmented, they can be applied to various applications ranging from multimedia to navigation of autonomous robots. There are many segmentation techniques proposed in the literature and they can be classified based on their motion representation (2D optical flow or 3D motion parameters) or the way the perform the segmentation. A comprehensive classification of motion segmentation is provided in [1] .
In many applications, 3D motion parameters such as the geometric properties (the essential and fundamental matrices) are employed because they take into account the structure and real motion of the objects in space [1] . This study will focus on using the fundamental matrix as motion model. This model has the benefit of not requiring camera calibration which is often impractical in many applications. Well known examples of previous works in motion segmentation using the fundamental matrix by Torr [2] , Vidal et.al [3] and Schindler and Suter [4] . Torr uses the fundamental matrix to estimate an object in motion and cluster it in a probabilistic framework using the Expectation Maximisation (EM) algorithm [2] . Vidal.et.al proposes to estimate the number of moving objects in motion and cluster those motions using the multi-body fundamental matrix; the generalization of the epipolar constraint and the fundamental matrix of multiple motions [3] . Schindler and Suter have implemented the geometric model selection to replace degenerate motion in dynamic scenes using the multibody fundamental matrix [4] .
In an image sequence of a dynamic scene acquired by a static or nearly static camera, each of the matching features/points belong to either a moving object or the static background with no motion or nearly static points with very small motion. In many dynamic scenes, the background may have textured areas and a relatively large number of matching points may belong to the static (or nearly static) parts of the scene. In the robust motion estimation context, having many matching points belonging to static parts of the scene means large ratios of outliers. Figure 1 shows a sequence containing moving object (black book) as an example where a number of matching points (produced by the publicly available implementation of SIFT algorithm [5] ) belong to the static background.
The main focus of this paper is to study the feasibility of detection and segmentation of an unknown motion (from its static background) in an image sequence taken by an uncalibrated camera using a robust estimator. The necessary conditions for successful segmentation of moving objects from their static backgrounds are investigated from both theoretical and experimental view points. These conditions for successful motion-background segmentation will provide an insight into the separability conditions for multiple objects and motions. Figure 1 . Depiction of corresponding points between two frames of moving object sequence generated by SIFT algorithm. Around 55% of matched points belong to the static background (marked by dots while the moving points (black book) are marked by asterisks).
In Section 2, we present a short review of motion segmentation using the fundamental matrix estimation. In Section 3, we show that a pure translational motion is not separable from a static background (therefore, cannot be estimated and segmented) if the motion is modelled using the fundamental matrix. We then examine the necessary conditions for the feasibility of detection and segmentation of motion and provide quantitative measures for detectable motions. Section 5 concludes the paper.
Motion segmentation by fundamental matrix estimation
Consider the movement of a set of point image projections of an object which undergoes a rotation and non-zero translation captured by consecutive frames of a video sequence. The set of homogeneous image points m 1i as viewed in the first image is transformed to a set m 2i in another frame where m 1i = [x 1i , y 1i , 1]
T and m 2i = [x 2i , y 2i , 1] T . These positions are related by:
where F is the 3 x 3 rank 2 fundamental matrix [6] [7] [8] .
There are numerous techniques to compute (or estimate) F, including the linear, iterative and robust methods. For reviews of these techniques, readers are referred to [6] [7] [8] [9] . This paper focuses on robust methods as the matching points belonging to background are outliers in the estimation process. In general, the robust estimators, developed to solve this problem, include three main steps [10] : -Optimisation: returns an initial estimate of the motion parameters (fundamental matrix for the most general motion models) as a result of optimization of a cost function. -Segmentation: separates the moving data points from its background by processing their distances from the epipolar lines given by the fundamental matrix estimate. -Refinement: involves fine tuning of the fundamental matrix estimate by applying the least squares to the moving points detected in the segmentation step.
In this paper, we adopt the Sampson distance measures (a first order approximation of the geometric distance between the image points and epipolar lines) as its computation efficiency is higher than other epipolar distance measures and its minimisation leads to the maximum likelihood estimate of motion parameters [6] :
where d i denotes the distance of the i-th matching point in the image from its epipolar line. The cost function of a robust estimator is usually defined as a function of the distances in such a way that its optimization results in minimum sum of distances for the moving points and large distances for the rest. Thus, segmentation is commonly based on automatic separation of small distances from the large ones.
There are numerous robust methods to perform the inlier-outlier separation in the segmentation step (e.g. pbM-estimator [11] , TSSE [12] and MSSE [13] ). Although we use the segmentation step of the Modified Selective Statistical Estimator (MSSE [13] -because of its desired asymptotic and finite sample bias properties [14] ), the analysis is general and similar results will be obtained if other robust estimators are used.
Having formulated the problem as an estimation problem, the difficulty in separating a small motion from its background reduces to sufficiency of the size of distances between moving and static points with respect to an estimated model. Therefore, to analyse the limits of separability in this paper, we focus on the effect of the size of motion on the results of segmentation, assuming that a correct parameter estimate has been already obtained in the optimization step (using a robust estimator).
As it is discussed in the next section, our analysis shows that in case of a pure translational motion or a non-zero translation with a small rotational motion, even with a perfect estimate, the motion is not separable from its background and therefore, a perfect estimate is not achievable. We will then find a necessary condition for a motion to be detectable from its background.
Non-separability of pure translations
Any motion, in general, can be modelled as a pure rotation around the origin followed by a pure translation. In this section, we first study the separability of a pure translational motion from its background. The nature of this motion is unknown in advance, and therefore, it is to be modelled by the fundamental matrix model. We will mathematically prove that such a motion is not distinguishable from its background, regardless of the magnitude of its translational movement.
Consider a pure translation in X-Y plane (i.e. zero motion towards or away from the camera) denoted by
T where t z = 0. A dataset including n=n i +n o matching points in two images is used for motion segmentation, with each point in images 1 and 2 denoted by x 1i , y 1i and x 2i , y 2i respectively where i=0,1,2…n i denote the inliers (moving correspondences) and i=n i +1,n i +2,…,n denote the outliers (matching points belonging to the static background). The dataset is contaminated by measurement noise e assumed to be independent and identically distributed (i.i.d) with Gaussian distribution: (3) where the variables in underline denote the true or unperturbed locations and σ is the unknown scale of noise. The fundamental matrix of the inliers can be computed using [7] [8] [9] :
where A is the camera calibration matrix, R and t are the rotation and translation matrices of the motion and [t] x is the skew symmetric matrix and a null vector of translation t [7] [8] [9] . In the special case of t= [t x , t y ,0] 
where the a ij 's are the (unknown) elements of the inverse of camera matrix. The Sampson distances can be computed using (2) by substitution of the measurements with their real plus noise forms in (3) and true fundamental matrix in (5), which yields: . (6) For the inliers, the above expression without noise terms equals zero (because the true fundamental matrix is used to compute the distances). Thus, equation (6) can be simplified to: 
The distances of the inlier points turn out to be a linear combination of the i.i.d. noises and therefore, they are also normally distributed with zero mean. The variance also equals σ 2 as the coefficients of numerator and denominator cancel each other.
In our case study, the motion is to be separated from a static background. Thus, the outliers are static points:
Combining equations (8) and (6) will again result in (7) . Thus, the distribution of outlier distances is also equal to N(0, σ 2 ). We have shown here that the distributions of the inlier and outlier distances will be exactly the same. Since the segmentation step of any estimator is based on comparing the distances and detecting the smaller ones as inliers (points on the moving object), the above result proves that a pure translational motion cannot be segmented from its static background. The case of pure translation with t z .≠ 0 is too complex to be derived theoretically. However, the results of our Monte Carlo simulation experiments, presented in Section 4, verify that similar to the case discussed above, even with t z ≠ 0 both inlier and outlier distances are distributed normally with zero mean and similar variances. Hence, the full translational motion is also inseparable from its background.
Non-separability of a pure translation from its background (when using a robust fundamental matrix estimation scheme for motion segmentation) implies that the separability of a motion from its background mainly depends on its rotational part. This will be the basis of the Monte Carlo simulation experiments in the next section to find the limits of separability for small motions. The correctness of our assumption (dependence of separability on the rotational part of the motion) will be also verified by studying the variance of the results of the Monte Carlo simulations.
Separability conditions
In this section, we study the necessary conditions for successful inlier-outlier segmentation by introducing rotations into the motion of the inliers while the outliers remain static. We evaluate the minimum rotation angle required for successful segmentation by Monte Carlo simulations.
Monte Carlo experiments
The experiments have two main objectives: verification of the non-separability of pure translational motions from the background and determining the minimum rotation angle to make successful segmentation possible. In each experiment, 2000 pairs of matching points are randomly generated. They are assumed to belong to a moving object (inliers) visible in two images taken by a synthetic camera with the following parameters: 
Due to the principle of duality, the above scenario is equivalent to having two camera positions and a static object. Thus, the image points are generated by projecting 2000 random points in 3D space (visible to two camera positions) to image spaces. The projection of a point X in the first position is x 1 = [I | 0]X and in the second is x 2 .=.[R | t]X where the camera makes a rotation [R] and translation [t] . For the sake of simplicity, in this study, we assume the rotation is only around z-axis denoted by θ z . Derivation of similar results for rotations around other axes would be straight forward.
The static outliers representing the background are randomly added to both images based on the values of inlier ratio, ε. Then all generated image points are perturbed with Gaussian noise of N(0, σ 2 ) pixels where σ.=1. The true fundamental matrix is calculated using (4) with A given by (9) . All the Sampson distances are then computed using the true fundamental matrix and used as residuals for segmentation using MSSE [13] .
In MSSE, the squared distances are sorted in an ascending order and the scale estimate given by the smallest k distances σ k 2 is calculated by [13] :
While incrementing k, d k+1 is detected as the distance of the first outlier if it is larger than 2.5 times the scale estimate given by the smallest k distances:
With the above threshold, at least 99% of the inliers will be segmented with normality assumptions [13] . Equation (11) can be simplified as ρ n >1 where ρ n is called the segmentation variable in this paper and defined as: 
In each experiment, after the segmentation, the ratio of the number of segmented inliers to the number of true inliers, denoted by ζ, is recorded. Each experiment is repeated for 1000 times, each involving a random translation with its three coordinates varying between -0.1 and 0.1 (equivalent to about ± 20 pixels in the image plane). The pseudo code of each Monte Carlo experiment is given in Figure 2. 
Experimental results
This section presents the analysis of the results of our Monte Carlo experiments. The results of the first set of our experiments verify our earlier statement on non-separability of pure translational motions from the static background.
The experiment is conducted with two cases of random translational motion with t z = 0 in case 1 and t z .≠ 0 (random) in case 2 with ε = 80%, θ z =0 and σ.noise=1 using 2000 points as inliers. Two types of scale estimates are calculated: the scale estimate given by the detected inliers (called inlier scale) and the scale estimate given by assuming all data points as inliers (called total scale). We plotted the histogram of d i for the whole image points (inliers and outliers) and the segmentation variable ρ n (in Figure 3 and 4) and recorded the inlier and total scale in Table 1 . to verify the similarity of d i for the inliers and the whole image points. It is observed that the estimated inlier and total scales are very close to 1, reminding that the true corresponding point coordinates are perturbed by the Gaussian noise of N(0,1) in the experiments. The similarity between the inlier and total scales for pure translational motions with and without the z-component demonstrates that in all cases it is impossible to separate the motion (inliers) from its background (outliers). This condition is also shown by the very close resemblance of the distribution of the Sampson distance d i for all image points (inliers and outliers) in both cases (translational motion with and without zcomponent) to N(0,1) as shown in Figure 3(a) and 3(b) . The non-separability is also observed in the plot of the segmentation variable which crosses line 1 at about 2450 points (total number of points) in Figure 4 (a) and 4(b) instead of at 2000 for correct segmentation.
In another experiment, we have tested the nonseparability of pure translational motions over various inlier ratios ε. Maintaining 2000 image points as inliers θ z = 0 and σ noise = 1, the experiment is repeated by varying ε from 20% to 80% with 1000 random translations in all directions in each case. The mean and standard deviation of the inlier and total scales are summarised in Table 2 . The readings of the mean and standard deviation of the inlier and total scales are almost equal to 1 and 0 respectively for various ε. This condition shows that the inlier and the total scales are almost consistent for all 1000 sets of random translations with each ε. Therefore, the non-separability of a pure translational Repeat (ε = 20% to 80%) Repeat (noise of N(0,σ 2 ), σ =0.25 to 2) Repeat (θ z = 0º to 70º) 1. Generate 1000 random translations between -0.1 to 0. Our third set of Monte Carlo experiments is designed to determine separability conditions for a general motion from its static (or nearly static) background. Each experiment involves a motion including a random translation combined with a rotation around the z axis θ z ranging from 0 to 70 degrees, for various inlier ratios ε (30% to 80%) and noise level (σ = 0.25 to 2). The number of inliers is maintained at 2000 image points, and 1000 set of random translations are examined in each experiment for each θ z , ε and σ.
To validate the independence of the results from the camera matrix A, in some cases, the camera matrix was varied from equation (9) both homogenously (keeping the focal lengths in x and y directions equal) and nonhomogenously. In this experiment, we examined the following variations of the camera matrix: It is observed that for small rotations, some outliers are mixed with inliers and segmented (ζ > 1). In such cases, an inaccurate inlier-outlier dichotomy will result in an incorrect motion estimate. In this study, we have examined two thresholds ζ = 1.05 and 1.10 (for the segmentation to be considered correct with 5% and 10% of outliers being considered as inliers) and recorded their corresponding θ z as the minimum threshold for a motion to be separable. The minimum θ z for various inliers ratio and noise levels (σ of noise) are plotted in Figure 7 and 8. The very small standard deviations of ζ values show the consistency of the results with our earlier statement that separability of a motion from its static (or nearly static) background is independent of its translation part and mainly depends on its rotation part. Furthermore, close resemblance of the ζ -θ z plots shown in Figure  5 (a)-6(a) and in Figure 5 (b)-6(b) (in terms of both the magnitude of the mean and the standard deviation of ζ values) shows the separability of a small motion from its background is independent of the camera matrix.
The minimum rotation thresholds, θ z shown in Figure 7 (a),(b) and 8(a),(b) increase as the inlier ratio ε decreases and the noise level increases. More precisely, separability of a small motion from its background becomes more difficult when more outliers (corresponding points in the background) and/or higher level of noise are involved. This is because of two main reasons. Firstly, as the contamination of the outliers in the image points increases (ε decreases), the density of outlier residuals becomes more spread and the likelihood of small outlier residuals being included in an inlier segment increases. Secondly, as the level of noise increases, the maximum residual of inliers segment is larger (the magnitude of the maximum residual of inlier segment is directly proportional to the scale of noise), thus the likelihood of outlier residuals which are smaller than the maximum inlier residual to be segmented as inlier increases. These two conditions result in a higher minimum separability threshold for angle θ z .
Conclusions
In this paper, it is shown that a pure translational motion, regardless of its magnitude, is inseparable from its static background via fundamental matrix motion model estimation. Our Monte Carlo simulations verify that the success in recovering a general motion (containing both translation and rotation) depends only on the magnitude of its rotational part. The separability of a general motion is also independent of its translational components and the camera matrix. Necessary conditions for successful segmentation, having 5% or 10% segmentation errors, in term of the required minimum angle θ z for various inlier ratio (from 80% to 30%) and noise level (N(0,σ 2 ), from σ=0.25 to σ=2) have also been presented. The minimum rotation threshold for correct segmentation increases as the inliers ratio decreases and the noise level increases. This is due to the fact that higher outliers contamination and noise level in the data increases the likelihood of small outlier residuals being included in an inlier segment resulting in a higher minimum separability threshold for angle θ z .
